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Abstract 

As a consequence of Birkhoff 's theorem, the exterior gravitational field of a spher- 
ically symmetric star or black hole is always given by the Schwarzschild metric. In 
contrast, the exterior gravitational field of a rotating (axisymmetric) star differs, in 
general, from the Kerr metric, which describes a stationary, rotating black hole. 

In this paper I discuss the possibility of a quasi-stationary transition from rotating 
equilibrium configurations of normal matter to rotating black holes. 



1 Introduction: The Kerr black hole 

The Kerr metric |IJ , in Boyer-Lindquist coordinates Q , is given by 
dr 2 

ds 2 = E (— + d$ 2 ) + W 2 e- 2v {dip - u dt) 2 - e 2u dt 2 (1) 

with 

E = r 2 + a 2 cos 2 tf, A = r 2 - 2Mr + a 2 , W 2 = A sin 2 (2) 

2u 2Mra 2v 

and u = —— e . (3) 



e 



(r 2 + a 2 ) 2 - Aa 2 sin 2 •& ' AE 



It depends on two parameters, the total mass M and the angular momentum J = Ma (we 
assume J > without loss of generality, and we use units where the velocity of light c as well 
as Newton's gravitational constant G are equal to 1). The metric is stationary (independent 
of i) and axisymmetric (independent of ip) . The horizon of the black hole is given by 



r = r + = M + \JM 2 - a 2 , (4) 

the larger root of the quadratic equation A = 0. Note that the Kerr metric describes a black 
hole only if 

a<M (J < M 2 ) (5) 
is satisfied. The boundary of the 'ergosphere' is characterized by 



= r (i?) = M + \JM 2 - a 2 cos 2 0. (6) 
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Within the ergosphere (r + < r < tq) any observer must rotate in the same direction as the 
black hole (dip/dt > 0). 

It is interesting to discuss circular orbits of test particles in the 'equatorial plane' d = tv/2. 
Their angular velocity is given by 



n = ±- 



'M 



r3/2 ± ay/M 



(7) 



where the upper sign characterizes direct orbits (corotating with the black hole) and the 
lower sign holds for retrograde (counterrotating) orbits. The circular orbits exist only for 
r > r ph, with the 'photon orbit' 



2M <1 + cos 



arccos I qp 



M 



The orbits are bound for r > r m b, with the 'marginally bound orbit' 
r mb = 2M T a + 2M 1/2 (M T a) 1/2 . 



(8) 



(9) 



(A particle in an unbound orbit will, under the influence of an infinitesimal outward per- 
turbation, escape to infinity.) The orbits are stable for r > r ms , with the 'marginally stable 
orbit' 



r ms = M {3 + Z 2 T [(3 - Zt)(3 + Z 1 + 2Z 2 )} 1/2 } 
where Z\ = \ 



\ - 



1/3 r 



and Z 2 = ( 3^ + Z{ 



M 2 
1/2 



a 

M 



1/3 



f - 



M 



1/3' 



(10) 
(11) 
(12) 



These results on circular orbits of test particles were derived by Bardeen et al. [3j, see also 



2 Limiting cases 

The two limiting cases of the Kerr black hole are a = (J = 0), the nonrotating (Schwarz- 
schild) black hole, and a — M (J — M 2 ), the maximally rotating (extreme Kerr) black 
hole. For a = the horizon is given by r + = 2M ('Schwarzschild radius') and no ergosphere 
exists. For a = M one has r + = M and the ergosphere extends up to ro(7r/2) = 2M in the 
equatorial plane. The values of the characteristic radii r p h, r m b and r ms discussed above are 
given in Table 1. In the extreme case r^, r^2 and r^s [the (d) indicates direct orbits] all 
coincide with r + = M. However, defining proper radial distances according to 

S{ri,r 2 ) = J ^/Ifrrdr, g rr = ^ , (13) 
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Table 1: Photon orbit, marginally bound orbit and marginally stable orbit for the 
Schwarzschild black hole and for the extreme Kerr black hole. In the latter case one has to 
distinguish between direct and retrograde orbits. 





r p h 


r m b 


'ms 


a = 


3M 


4M 


6M 


a = M (direct) 


M 


M 


M 


a = M (retrograde) 


4M (3- 


h2 v / 2)M 


9M 



one finds |3j 

ton J(r +J rg) = ^ln3, lim «(r+,r<*) = Mln(l + y/2) (14) 
and Una S(r + ,r^l) = oo. (15) 

Moreover, because of the double zero of A at r — M for the extreme Kerr metric, one 
obtains 

5(M,r) = oo for any r > M. (16) 

This means, the horizon (as well as r^, rj^ an d r ml !) has an infinite proper radial distance 
from any point in the 'exterior' region r > M. On the other hand, the proper time of an 
infalling particle starting at some r > M needed to reach the horizon remains finite. The 
geometrical situation can nicely be illustrated by embedding the r > r + part of the 'plane' 
?9 = 7r/2, t = constant into three-dimensional Euclidean space see Fig. |l|. In the limit 
a = M an infinitely long 'throat' characterized by r = M (circumference: 4irM) appears. 
The horizon is situated at the bottom and the direct orbits corresponding to , an d 

7ms are located at different places along the throat. However, the proper time of an infalling 
particle needed for passing through this throat, is zero. Bardeen and Horowitz |^| have 
studied the 'throat geometry' (r = M) by means of the coordinate transformation 

r - M 

r = — - — , = i?, tp = (p-ti n t, t = Xt (17) 
A 

in the limit A — > 0. Note that 

u>(r + ,i9) — fin = constant (18) 
defines the 'angular velocity of the horizon'. For the extreme Kerr black hole it is given by 

= Jtj- (19) 
One obtains 

,2 i, j^/df 2 , X2 f 2 dt 2 \ 4M 2 sin 2 ??/, fdt \ 2 , . 

ds 2 = M 2 (l + cos 2 i?) [^ r + dtf 2 T + ^\dw+ ^ . 20) 

V 7 Vf 2 4Af 4 / l + cos 2 t9 V 2M 2 / V ' 
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Figure 1: Embedding diagrams of the r > r + part of the 'plane' •& = tt/2, t — constant of the 
Kerr metric approaching the limit a — M (from Bardeen et al. Q ; a is given in units of M) . 
The positions of the direct orbits r p h, r m b, r ms and of the boundary ro of the ergosphere are 
shown. 
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This represents a completely nonsingular vacuum solution of Einstein's equations^ which 
is geodesically complete but no longer asymptotically flat [||. The area of all surfaces 
f = constant, t — constant is 8irM 2 and equal to the area of the horizon of the extreme Kerr 
black hole. In addition to d/dt and d/d(p the metric ( |20| ) has two more Killing fields [g §: 

d _~ d 1 d ~ d _ d 

S-^-^inrsr, *3-»-3=- ( 21 ) 



8f 2 n^J dt df 2m 2 i d^ at Of 
3 Idealized routes to black holes 

A famous idealized route to the Schwarzschild black hole is the spherically symmetric dust 
collapse ('Oppenheimer-Snyder collapse') || 0. Bardeen and Wagoner Q have shown 
approximately that a uniformly rotating disk of dust allows a quasi-stationary transition 
(parametric collapse) towards the extreme Kerr black hole. This has been confirmed by 
the exact solution to the disk problem 12, |l3|], see also ||. Here the main results will be 
reviewed. 

The line element for any stationary, axisymmetric, purely rotating perfect-fluid config- 
uration may be written in Lewis-Papapetrou coordinates as 

ds 2 = e 2a {dg 2 +d( 2 ) + W 2 e- 2 "(dtp~Ludt) 2 ~e 2l/ dt 2 . (22) 

The four functions a, W, v and u depend on g and £ only. Along the symmetry axis, g = 0, 
the condition of elementary flatness requires 

lim — e - {a+u) = 1 (23) 
g^O g 

and at infinity (g 2 + ( 2 — > oo) the asymptotic line element has to take the Minkowski form 
in cylindrical coordinates, 

ds 2 = dg 2 + d( 2 + g 2 dip 2 - dt 2 , (24) 

i.e., a->0, W -> g, v -> 0, u->0, (25) 

An equivalent form of ( f22| ) is 

ds 2 = e- 2U [e 2k (dg 2 + d( 2 ) + W 2 d<p 2 } - e 2U (dt + Ad V ) 2 (26) 

with a = k-U, W^e 2 " ±uj= (We- 2U TAy 1 . (27) 

For the disk of dust one obtains 

W = g (28) 

and the whole problem can be formulated as a boundary value problem |L2) of the Ernst 
equation 

ffl/)(/w+/<C+P~% ) = ( 29 ) 

lr The solution coincides with the metric given by equations (56—59) of J(i| and it belongs to a class of 
solutions presented by Ernst |7| . 
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The metric can easily be obtained from the complex Ernst potential 
/ = e 2U + ib 



(30) 



whose real part is equal to e . The functions A and k can be calculated by integration: 



A(g,C)= / pe-* u b, ( dp, k(g,C)= / P 



,-w 



u,$-u4+—(b4-b,t) 



dp. 



(31) 



[In the integrands, one has U = U(p, C) and b — b(p, £).] Like the Kerr metric, the solution 
for a uniformly rotating disk of dust depends on two parameters, the total mass M and the 
angular momentum J. In contrast to (g) the relation 



J > M 



(32) 



holds for the disk of dust. Instead of M and J other parameter pairs can be used. In the 
following, the solution is represented in terms of the two parameters qq (coordinate radius 
of the disk) and p, where p is related to £1 (angular velocity of the disk) by 



p = 2Q"eie-^; V = U(g = 0, C = 0). 



The Ernst potential is given by hyperelliptic integrals |13 
/ = exp < / — / — — - r 2 



ith 



K a 




f K 2 dK 




1 z 






K 2 



Z = ^{K + iz)(K - iz)(K 2 - K 2 )(K 2 - K%), z = g + i(, 
— t — p 

K\ = —K2 = po\l (Sfti^i < 0, a bar denotes complex conjugation). 



A* 

The upper integration limits K a and in ( |34| ) have to be calculated from 

Ka K b 



f dK f dK 
J- + J^ 



K a K b 

f KdK f KdK 
V0 > J — + J — =V1 - 

Ki K 2 



Ki K 2 

where the functions vq, v\ and V2 in (B7p and (p4) are given by 



+ipo 



H 
Z~i 



dK, vi 



H 
Z 



+ipo 



■KdK, v 2 



H 



-K dK, 



(33) 
(34) 

(35) 
(36) 



(37) 



(38) 



H 



p\n ^TTpW+KypJf + p(l + K 2 /p 2 ) 



mpWl + P 2 (l + K 2 /p 2 y 



($tH = 0), 



(39) 



G 



Zi = \/(K + iz)(K — iz) (3?Zi < for p, ( outside the disk). (40) 



In (|38|) one has to integrate along the imaginary axis. The integrations from K\ to K a and 
from K2 to Kb in ([}4]) and (|37|) have to be performed along the same paths in the two-sheeted 
Riemann surface associated with Z(K). The problem of finding K a and from ([37]) is a 
special case of Jacobi's inversion problem. It generalizes the definition of elliptic functions 
and can be solved in terms of hyperelliptic theta functions (JTJ, |l5[ , see also JlJ, |l8|). 



Using a formula for Abelian integrals of the third kind derived by Riemann (see [161) it is 
also possible to express the Ernst potential / directly in terms of theta functions |l9fl . On 
the symmetry axis [p — 0) and in the plane of the disk (£ = 0) all integrals in (|34|) and f^j ) 
reduce to elliptic ones |[20[ . 

The solution has a positive surface mass-density p0[ and it is regular everywhere outside 
the disk - provided 

<il< [Iq = 4.62966184.. . (41) 

(for /i > /io one or more singular rings appear in the plane £ = 0, outside the disk). The 
parameter Vq [see (|3^)1 depends on fi alone [^0| : 

^° = -5 sinh " {" + wmi^^hjm^} ' (42) 



1 /Ms + VT+i^ 

W V(l + z 2 )(//-aO 







with the Weierstrass function p defined by 

00 

dt 



(44) 



The range < /1 < /io corresponds to > Vb > —00. [/io is the first zero of the denominator 
in (@2|).] From ( |33| ) and p2] ) one obtains the relation Q(/x, po)- 

Whereas /i< 1 characterizes the Newtonian limit (the 'Maclaurin disk'), /j, — > /xo leads 
to the announced black hole limit: 
For fi /iq one obtains 

M 2 

— ► 1, 2QM -> 1, O^o 0, which means, for finite M, (45) 

-> 0. (46) 

For the further discussion, we introduce spherical-like coordinates R, <&: 

g = R sintf, ( = Rcos$. (47) 

The disk (£ = 0, g < qq) shrinks to the origin R = of the coordinate system. For R ^ 0, 
the disk metric becomes exactly the r > M part of the extreme Kerr metric given by (Q) 
with a = M (fi H = = 1/2M) and 

r = i? + M. (48) 
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Figure 2: Formation of the ergosphere (from ]22]]). It appears for /i > fj, e = 1.68849 . . . and 
has a toroidal shape. The horizontal line represents the disk. For /j, — > ^ the ergosphere is 
that of the extreme Kerr black hole. 



S 




This can be shown as follows 
Let us first rewrite ( pS4| ) and ( 

/ = exp<( I K t, K ~v 2 ) , /-7T=«o, / ^9~ = " 1 ' ( 4Q ) 



with 



K 2 

K n dK 



(n = 0,1,2). (50) 



(Kb is now on the other sheet of the Riemann surface.) In the limit p —> /io one obtains for 
R > 0, using (H) and ©, 

217 7ri cos i? _ ni - „ . . 

Wo = :R-^i?^' Ul = -2i?' W2 = (51) 

(modulo periods). In the above integrals from Kb to if a , Z can be replaced by Z = 
K 2 yj (K + iz) (K — iz) since K\ and K 2 both tend to zero [cf. (|36|)]. Hence, all integrals 
become elementary and the unique result is 

20R- 1 - icos<i? , 
^ MM + l-icos* (i?>0) ' (52) 

which is the Ernst potential of the extreme Kerr solution. Note that R = (r = M) 
characterizes the horizon (and the throat) of the extreme Kerr black hole. 

In Fig. H the formation of the ergosphere is shown 22 . In the limit fi — > jiq the ergosphere 
of the extreme Kerr black hole appears. Indeed, from (||), (^) and (0) one finds the 
following equation for the boundary of the extreme Kerr ergosphere in the ( Weyl) coordinates 
g, C (note that 2M =1/0): 

A completely different limit of the space-time, for fi —* po, is obtained for finite values of 
R/ Pa (corresponding to the previously excluded R = 0). Therefore, we consider a coordinate 
transformation Jll| 

f = e~ Vo R, = i9, if = if -fit, 1= e Vo t. (54) 

(Note that finite R/po correspond to finite f in the limit.) For /j, < /Lto, this is nothing but 
the transformation to the corotating system combined with a rescaling of R and t. The 
transformed Ernst potential / is related to the Ernst potential /' in the corotating system 
(R' = R, ■&' = <&, y' = <p - ilt, t' = t) according to / = /' exp(-2Vb), i.e., 

^ = ^2 for P<Po- (55) 

However, for /j, — ► /io, the solutions /' (finite R > 0) and / (finite r) separate from each 
other. (A similar phenomenon has been observed by Breitenlohner et al. for some limiting 
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throat (r = M\ f -¥ oo) 




Figure 3: The [i — > /zo disk metric (from Bardeen and Wagoner [ fLl| , slightly modified). The 
ordinate shows the values of the function Re~ v jM for = (axis of symmetry) and for 
$ = ir/2 (equatorial plane). The abscissa shows L/M where L is the proper radial distance 
from the center of the disk. All points in the 'exterior' (r > M) region have an infinite 
proper distance to the 'inner' (r — M) region which contains the disk and its surroundings. 
The point l L/M = oo' corresponds to the coordinate value r = 2M, l L/Al = oo + x' means 
6{2M, r) = xM, cf. Eq. ©. 
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solutions of the static, spherically symmetric Einstein- Yang-Mills-Higgs equations p3|.) 
For finite R > 0, the extreme Kerr solution arises, while finite f lead to a solution which 
still describes a disk, with finite coordinate radius 



lim (e 

I*— >Mo 



-Vb 



ft)) 



(56) 



Note that the proper radius of the disk remains finite in the limit /i — > /io as well. Its 
circumference is 4ttM U /io/2 — 1 which is larger than the circumference 4nM of the extreme 
Kerr throat. The metric corresponding to / (which can be expressed in terms of theta 
functions) is regular everywhere outside the disk, but it is not asymptotically flat. The 
space-time structure of both solutions (/' and /) coincides at R — > (the throat) and 
f — > oo (spatial infinity) . The relation (pq) survives in the form 



/ . /' 
lim — = lim — - as u 

f^oo r 2 R^o R 2 



Mo- 



(57) 



[The limits have to be taken consistently with (pj).] The Ernst potential /' of the extreme 
Kerr solution in the corotating system reads 



n 2 R 2 



2(1 + icostf) 5 



2HR + 1 - icostf 
Accordingly, for (j, = /xq and f — > oo, 



/ -> /as = 



2(1 + i cost?) 2 

1—4 COS 1? 



sin 2 ?? 



sin i? 



(58) 



(59) 



Note that / as belongs to the family of solutions to the Ernst equation of the type / = 
R k Yk(cos~d) presented by Ernst The corresponding asymptotic line element is given by 
the extreme Kerr throat geometry ( p0[ ) . These exact results || confirm the picture of the 
extreme relativistic limit of the rotating disk developed by Bardeen and Wagoner jllj . Fig. |^ 
(taken from pT| ) combines the two limits of the disk space-time for fi — > /io. The abscissa 
characterizes the proper radial distance L from the center of the disk: 



L = 



r it 

J Vg??dr = J ^g RR dR. 



(60) 



The two 'worlds' are separated by the 'throat region' which plays the role of infinity for the 
'inner region'. From the point of view of the 'exterior region' (the r > M part of the extreme 
Kerr metric) it is the extreme Kerr throat as discussed in Section 2. Note that the plotted 
quantity Re~ u /M, for i9 = ir/2, is equal to y/gi^/M, which is just the circumferential 
radiusQof a circle in the equatorial plane (concentrical to the disk) divided by M. The value 
of 2 in the throat region corresponds to the throat's circumference AttM. 

The quasi-stationary transition from the disk to the Kerr black hole is illustrated in Fig. ^ 
where 2QM is shown in dependence on the parameter M 2 /J [[12]. The limit M 2 / J — > 1 
(from the left) corresponds to the limit \i — * fin discussed above. The 'exterior' metric 



The circumferential radius is defined as the circumference divided by 2tt. 
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Figure 4: Parametric collapse of the rigidly rotating disk of dust (from The diagram 

shows the relation between and M 2 / J for the disk of dust and for the Kerr black hole 

[fi = fin, cf. Eq. (|l8|)]. The dashed line corresponds to the Newtonian disk solution (the 
Maclaurin disk) where 20M = (9-7r 2 /125)(M 2 /J) 3 . 
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becomes the r > r + part of the extreme Kerr metric. For M 2 / J > 1 no disk solution exists 
and a genuine Kerr black hole forms. This transition (parametric collapse) from the disk 
to the Kerr black hole is continuous in the 'exterior region'. In particular, all multipole 
moments behave continuously, see p4| . 



4 From stars to black holes 

The exterior metric of a spherically symmetric star, even in the case of (dynamic) collapse, is 
always the Schwarzschild metric. This is a consequence of Birkhoff 's theorem |^5| . Therefore, 
the spherically symmetric collapse of a sufficiently massive, non-rotating star at the end of 
its life leads quite naturally to a Schwarzschild black hole, as in the idealized Oppenheimer- 
Snyder case. On the other hand, a continuous quasi-static transition from stars to black 
holes is not possible. The surface of a star cannot be identical with the horizon of a black 
hole since the horizon is a null-hypersurface. Under the quite reasonable assumption that 
the mass-energy density does not increase outwards in the star, one can show that the radius 
r* of a spherically symmetric, static star (in Schwarzschild coordinates) always satisfies 

9 

r*>-r + , (61) 

where r + = 2M is the corresponding Schwarzschild radius (see [p6f , for example). Thus, 
at most the r > (9/8)r+ part of the Schwarzschild vacuum metric is relevant outside static 
stars and the black hole state can only be reached dynamically. 

For rotating stars, the situation is different in both previously mentioned respects. 
Firstly, the exterior metric is not the Kerr metric in general. (There is no analogue to 
Birkhoff 's theorem.) It is general belief, based on Penrose's cosmic censureship conjecture 
combined with the black hole uniqueness theorems, cf. j27|, that the (dynamic) collapse 
of a rotating star leads asymptotically (t — > oo) to the Kerr black hole, i.e., to the Kerr 
metric outside the horizon. This has not yet been proved, however. But secondly, a con- 
tinuous quasi-stationary route from rotating stars to rotating black holes via the extreme 
Kerr metric seems possible — as in the idealized (and certainly unstable) case of the rigidly 
rotating disk of dust. The problem of the impossible identity of the star's surface with the 
horizon would be circumvented by the 'throat region', and the whole r > r + part of the 
extreme Kerr metric could be relevant in the 'exterior region', as discussed above. Results 
on differentially rotating disks of dust |2f| |2{| give some evidence that the extreme Kerr 
limit is a generic possibility. General relativistic, rotating stellar models can only be treated 
by numerical methods so far. However, the recently achieved progress in accuracy by many 



orders of magnitude 1 30 justifies the hope of finding a more realistic, quasi-stationary route 
to the Kerr metric. 

I would like to thank M. Ansorg, A. Kleinwachter, G. Neugebauer and D. Petroff for many valuable 
discussions. 
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